Recovery of three-dimensional structure from single particle X-ray scattering of completely randomly oriented diffraction patterns as predicted few decades back has been real due to the advent of the new emerging X-ray Free Electron Laser (XFEL) technology. As the world's first XFEL is in operation starting from June 2009 at SLAC National Lab at Stanford, the very first few experiments being conducted on larger objects such as viruses. Many of the important structures of nature such as helical viruses or deoxyribonucleic acids (DNA) consist of helical repetition of biological subunits. Hence development of method for reconstructing helical structure from collected XFEL data has been a top priority research. In this work we have developed a method for solving helical structure such as TMV (tobacco mosaic virus) from a set of randomly oriented simulated diffraction patterns exploiting symmetry and Fourier space constraint of the diffraction volume.
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I. INTRODUCTION
In 1977 Kam 1 pointed out that correlated fluctuations in intensity in x-ray scattering of non-oriented identical particles contain useful structural information regarding the particle itself. In fluctuation scattering experiment, radiation must be recorded on time scale shorter than the rotational diffusion time 2 . Since the XFELs are in operation in USA and elsewhere, the development of useful technique and algorithm for structure determination from collected diffraction patterns of random orientations from diffract and destroy experiment is very important not only from technological point of view but also for finding clues for diseases and designing drug to treat them. So far structure determination of helical biological structure such as TMV 3 or DNA 4 has been primarily done by fiber diffraction experiment where the helical structures are aligned along their body long axis which is tedious because of the entropic tendency of the molecule. In this work we are reporting a full 3D recovery of TMV up to three repeating unit from a set of simulated diffraction patterns of randomly oriented TMV helices (atomic coordinate of biological assembly of TMV deposited in protein data bank as 2tmv ) in XFEL diffract and destroy experiment.
II. BACKGROUND
Scattered intensity distribution I over 3D molecular reciprocal space in spherical coordinate may be expressed in spherical harmonic expansion as shown by Saldin et. al.
where Y LM (θ, ϕ) is a spherical harmonic (L and M are usual angular momentum quantum numbers). In principle a full three dimensional (3D) structure of a biological object may be reconstructed provided the above expansion coefficients can be recovered from the collected set of two dimensional (2D) diffraction patterns of random orientations. Each diffraction pattern of random orientation represents a section through the three dimensional (3D) reciprocal space of the molecule. The intensities on the curved section of the Ewald sphere 5 may be labelled by magnitude q of the scattering vector and an azimuthal angle ϕ. The angular cross correlation function between intensities of two different resolution rings q and q averaged over a set of diffraction patterns defined as
Where I sj (q, ϕ n ) is the intensity of a pixel on the sj-th diffraction pattern and N sj is the number of diffraction patterns of random orientations consisting the primary collected data set. Note that the orientational averaging of the diffraction patterns in Eq. (2) is a reasonable assumption since for a large number of diffraction pattern all orientations are equally likely 6 in SO(3) space suggesting that the left hand side of Eq.(2) will be independent of the value ϕ chosen on the right hand side.
Intensity distribution on the s1 diffraction pattern may be expressed as
Similarly, intensity distribution on the s2 diffraction pattern may be expressed as (Eq. (5)) allows the addition of two spherical harmonics (Eq.(6)) in Eq. (2) . Above substitution finally lead to the following simplification of the intensity correlation function 5 as shown in Eq.(7)
where cos γ = cos θ(q) cos θ (q ) + sin θ(q) sin θ (q ) cos(∆ϕ) (8) and
A. Matrix Inversion B L (q, q ) can be obtained from C 2 (q, q , ∆ϕ) Eq. (7) using a matrix inversion technique based on singular value decomposition (SVD) which is purely a quantity obtained from diffraction patterns. The singular value decomposition of a matrix A(m × n) where m < n is the factorization of A into the product of three matrices
where U (m × m) and V (n × n) are orthonormal matrices Eq. (11), Eq. (12) and Σ(m × n) is a diagonal matrix having only nonnegative diagonal entries in ascending order such that (
The zero padding of Σ(m × n) matrix can be carved to compute the [Σ (m × n)] −1 = Σ (n × m) matrix to finally obtain the A −1 matrix by Eq.(13)
Note that in correlation method a large data set consisting of huge (ideally infinite) number of diffraction patterns has been reduced into a compact data set consisting of quadratic functions of Fourier shell coefficients. However recovering I LM (q) coefficients from the known quadratic shell correlation term B L (q, q ) is a formidable mathematical and computational challenge and development of such a method in principle would allow a general approach for solving structure using correlation method. While development of such a method is yet to be accomplished, biological structure having certain symmetry such as helical symmetry 7 or icosahedral symmetry 8 may be solved using method based on primarily symmetry assistance technique 9 .
TMV consists of repeating unit of biological building block 10 and each unit consists of 49 protein sub-unit spanned along the three-turn (cross-sectional view of single repeating unit shown in Fig. (2) ) provides the clue that the M values in Eq.(9) be 0, ±49, ±98, etc.
Since M ≤ L, if we limit Lmax = 48, the only permitted value of M be zero. Hence Eq. (1) for the case of TMV may be modified as
i.e.; up to L max = 48, the TMV diffraction volume may be reconstructed from M = 0 component alone. Since the radius of TMV is about ∼ 100Å and each c repeat unit 11 of TMV is 69Å, the conventional wisdom for angular momentum definition 8 , q max × R = Lmax; permits a reconstruction of TMV repeating unit up to a q max 0.5Å −1 . Eq. (9) holds the primary relation among various Fourier shells (including the diagonal term as well as the cross term) in quadratic form in the reciprocal space of the molecule. To recover I L0 (q, q) coefficients from B L (q, q), a triple correlation function 7, 12 Eq.(16) and the associated three-point angular correlation has been introduced Eq.(15)
where G is a Gaunt Coefficient.
The ring triple correlation is related to experimental three point angular correlation C 3 as
To assist further why the M=0 approximation is a valid assumption for the reconstruction of helical bio-structure whose Fourier transform in three dimensional (3D) reciprocal space shows layer discs construction preferably expandable in reciprocal space cylindrical coordinate (R, ψ, ζ) in terms of cylindrical harmonic 7,13,15 as in Eq. (17) .
where Fig.(4) .
where J n is a n-th order Bessel function and the k summation runs over the real space cylindrical coordinate (r, φ, Z) of the atoms of the helical structure. 
B. Helix Selection Rule
It has been shown 7, 13, 14 that the helical repetition of 49-unit protein subunit along the 3-turn introduces a 49 3 helical symmetry that essentially lead to a helix selection rule for TMV in Fourier space Fig.(4) as follows λ = 3n + 49m (19) where λ is layer line number and n is associated to the order of cylindrical harmonic expansion. Due to helical arrangement of the protein subunits the layer line intensity of TMV expressed in terms of cylindrical harmonic Eq. (17) . On the other hand, due to the random nature of the particle orientation subject to XFEL diffract and destroy experiment, the diffraction volume in correlation technique expressed conveniently in spherical geometry Eq.(1). According to helix selection rule
and the only allowed values of M for a 49 3 helix are 49N , where N = 0, ±49, ±98, etc. Here the above claim concludes that M=0 term generate the first order harmonics for the expansion of the diffraction volume of TMV, thus reducing Eq.(9) as
Eq.(21) allows the possibility of recovering the magnitude of diagonal Fourier shell coefficients by taking the square root of the B L (q, q) coefficients uncertain up to the signs of those discrete coefficients. More specifically introduces a multitiered iterative phasing (MTIP) algorithm based on a series of derived projection operators to iteratively modify the specified real space constraints and to match the data to external observations. This technique provides a framework that would allow the extension of density modification techniques developed for crystallographic structure determination. Though this model does not require symmetry consideration, however the quality of the structure determination in this method is dependent on the accuracy of the data set as well as the amount of known priori information 16 .
FIG. 6:
Reconstructed single unit seen to fit the PDB mesh structure within the outer capsid.
Another approach towards computing the scattering profiles from fluctuations X-ray scattering data based on three dimensional (3D) Zernike polynomial expansion model as introduced by Liu et. al. 17, 18 , demonstrates the feasibility of ab initio model reconstruction of nanoparticles from experimental data based on validation of several theoretical computation of representative molecules. Though this model does not assume any symmetry constraint, however it is computationally expensive 16 .
On the other hand, known priori information may also be used to model the mathematical constraints in Fourier space thus reconstructing the diffraction volume with more accuracy and then to recover the structure using the standard phasing technique 19, 20 . The model introduced in this work uses some priori information regarding the structure of the molecule such as the internal diameter of TMV.
III. PROPOSED MODEL
The radial electronic charge density of TMV may be presented as an object constraint 1D step model (model 1) as following:
Where R 1 and R 2 are inner and outer radius of TMV. The inner core of TMV primarily composed of RNA (ribonucleic acid) surrounded by protein subunits. Since the electronic charge density distribution of RNA is relatively higher than that of outer protein coat, the radial charge density variation of TMV may be modeled with a slowly varying 1D exponential term (ξ −→ 0) as follows (model 2):
The scattered intensity is the squared modulus of complex amplitude; the Fourier Transform (FT) of the electronic charge density ρ( r) of the real space object.
Here r denotes the real space coordinate and q corresponding reciprocal space variable. When the object is rotated in SO(3) the radial variation in 3D real and reciprocal space is conjugated via the angular momentum. Regarding the two rotational degrees of freedom in reciprocal space, the polar variation is intrinsically inserted in the reconstruction via L quantum number and the azimuthal symmetry was imposed as described in Eq. (14) .
Assuming the radial variation in ρ(r) is the prime focus of the model, Eq.(23) may be treated as a 1D integral. With a limit R 2 −→ ∞; the 1D Fourier transform of the slowly varying decaying exponential in ρ can be written as:
With a limit R 1 −→ 0, the Fourier transform integral can be evaluated in the following way:
With the limit ξ −→ 0 the real part of the Fourier transform Eq.(25) tend to a δ function in reciprocal space at k = ( 2π R1 ) Eq.(26) .
And the imaginary part varies as 1/k Eq.(27)
The existence of the δ-like behavior in reciprocal space of the molecule (note that the contribution from the imaginary part is unimportant) due to real space charge density step boundary provide very important clue regarding the positivity of the diagonal shell correlation Eq.(22) of the resolution shell corresponding to q = 2π/(N N S R 1 ) where N N S is the Nyquist oversampling rate 21 (for TMV R 1 ≈ 19Å). For two times intensity oversampled data (N N S = 2), Eq. (22) can be written as
Eq.(28) would be the decisive resolution shell whose signs propagates to all the corresponding shells. The justification of the above claim lies in the fact that the method described here is not limited to molecules having helical geometry; it has been verified for other geometry as well.
To be more specific; I L0 (q, q = π/R 1 ) is a decisive shell for the determination of other resolution shells via the quadratic cross correlation function B L (q, q ) of Eq. (21) for reconstructing the three dimensional (3D) Fourier map of the molecule.
IV. RESULTS AND VALIDATION
As an initial validation of the above method, roughly a set of one thousand simulated diffraction patterns of TMV was generated with an optimized code for simulating diffraction patterns which was the most computationally intensive part of the project. For the simulation the generated diffraction patterns successfully account the contribution of the many repeating units from a single unit calculation via a shape transform factor. For some orientations the simulated diffraction patterns show the layer line features Fig. (3) separated by 2π/c where c is the length of single repeat unit of TMV.
From the set of simulated diffraction patterns B L (q, q ) was recovered using the matrix inversion technique for non square matrices followed by a calculation of intensity cross-correlation using Eq. (2) . Once a correct determination of the decisive correlation shell was obtained via the proposed model, determination of the remaining shells were obtained via Eq. (21) . Upon successful recovery of the shell correlation the reconstruction of the three dimensional (3D) diffraction volume was obtained by Eq. (14) . Fig.(5) shows the layer disc reconstruction of the diffraction volume where the discs are separated by the characteristic reciprocal spacing 2π/c.
The real space reconstruction of the electron density of one unit and three unit of TMV was obtained using standard phasing algorithm based on charge flipping method 19, 20 . The resolutions of both the reconstructions are ∼ 13Å.
To further assist the quality of the reconstruction, the reconstruction was superposed to the PDB reconstruction of TMV single repeating unit. Fig.(6) shows the reconstruction closely fits the helical repetition as well as the central hole of TMV structure. The three unit reconstruction recovers the helical grooves as well as the central hole of TMV as shown in Fig.(7) .
V. SUMMARY
In this work we have demonstrated the applicability of a technique that some known real space object constraints may be used to appropriately determine single resolution reference shell and the subsequent determination of other Fourier shells can be obtained via Fourier shell cross-correlation Eq. (21) .
We successfully applied the method for reconstructing single (and three) repeating unit of TMV from simulated XFEL diffraction patterns. Further improvement of the model might be useful for reconstructing object such as DNA double helix 4 or objects having structures deviated partially from the above-mentioned case, as for example the coiled RNA core of TMV which protrudes out of the TMV inner capsid. For small deviation of the structure, we may consider the small variation in B L (q, q ) of Eq. (9) to obtain δB L (q, q ) = (29) For small deviation in electron density from the original calculated model one might calculate δB L (q, q ) to obtain directly the deviation in electron density using a similar method as introduced by Pande et. al. 6 .
